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Abstract
Nishimura et al. [On graph powers for leaf-labeled trees, J. Algorithms 42 (2002) 69–108] deﬁne a k-leaf root of a graph
G= (VG,EG) as a tree T = (VT ,ET ) such that the vertices of G are exactly the leaves of T and two vertices in VG are adjacent in G
if and only if their distance in T is at most k. Solving a problem posed by Niedermeier [Personal communication, May 2004] we give
a structural characterization of the graphs that have a 4-leaf root. Furthermore, we show that the graphs that have a 3-leaf root are
essentially the trees, which simpliﬁes a characterization due to Dom et al. [Error compensation in leaf power problems,Algorithmica
44 (2006) 363–381. (A preliminary version appeared under the title “Error compensation in leaf root problems”, in: Proceedings
of the 15th Annual International Symposium on Algorithms and Computation (ISAAC 2004), Lecture Notes in Computer Science,
vol. 3341, pp. 389–401)] and also a related recognition algorithm due to Nishimura et al. [On graph powers for leaf-labeled trees,
J. Algorithms 42 (2002) 69–108].
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
We consider ﬁnite, simple and undirected graphs G = (VG,EG) with vertex set VG and edge set EG. The neigh-
bourhood of a vertex u ∈ VG in the graph G is denoted by NG(u) and the closed neighbourhood is denoted by
NG[u] = {u} ∪NG(u). Two vertices u, v ∈ VG with u = v are called similar if NG[u] =NG[v]. The distance between
two vertices u, v ∈ VG in the graph G is denoted by distG(u, v). The subgraph of G induced by a set U ⊆ VG of
vertices is denoted by G[U ]. For a set U ⊆ VG of vertices, the graph G[VG\U ] is denoted by G − U . A leaf of G is
a vertex u ∈ VG with |NG(u)|1 and LG denotes the set of leaves of G. A graph is chordal if it does not contain an
induced cycle of length at least four as an induced subgraph. A clique is a set of pairwise adjacent vertices.
Generalizing the classical notion of graph powers and motivated by problems originating in computational biology,
Nishimura et al. [6] deﬁne a k-leaf root of a graph G=(VG,EG) for some positive integer k ∈ N as a tree T =(VT , ET )
such that VG = LT and uv ∈ EG if and only if distT (u, v)k for all u, v ∈ VG with u = v.
During the Dagstuhl Seminar No. 04221 on “Robust and Approximative Algorithms on Particular Graph Classes”
Niedermeier [5] presented the following characterization of graphs that have a 3-leaf root as a basis for several related
complexity results.
 The present paper is a direct result of the interesting talks given at the Dagstuhl Seminar No. 04221 on “Robust and Approximative Algorithms
on Particular Graph Classes”.
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Theorem 1 (Dom et al. [1]). A graph G = (V ,E) has a 3-leaf root if and only if it is chordal and does not contain
any of the graphs in Fig. 1 as an induced subgraph.
Niedermeier posed the problem [5] of characterizing the graphs that have a 4-leaf root and ourmain contribution in the
present paper is a solution of this problem. Furthermore, we show that the graphs that have a 3-leaf root are essentially
the trees which simpliﬁes the above-mentioned result due to Dom et al. [1] and also leads to a much simpliﬁed version
of a related recognition algorithm due to Nishimura et al. [6].
2. Results
Edmonds [2] pointed out that if a graph G has a k-leaf root T, then it is the intersection graph of appropriate subtrees
of some tree. In fact, let the tree T ′ arise from T by subdividing every edge of T once. Clearly, LT ′ = LT and G is the
intersection graph of the subtrees of T ′ induced by the sets of the form {v ∈ VT ′ | distT ′(u, v)k} for some u ∈ LT ′ .
By Gavril’s [3] result, this immediately implies the following.
Lemma 1. If G has a k-leaf root for some k ∈ N, then G is chordal.
We will make use of the well-known fact that every chordal graph G has a so-called simplicial vertex which is a
vertex whose neighbourhood is complete.
Lemma 2. Let k ∈ N. If G = (VG,EG) is a graph and u, v ∈ VG are similar, then G has a k-leaf root if and only if
G − {u} has a k-leaf root.
Proof. The ‘only if’-part is trivial and the ‘if’-part follows easily by attaching the new leaf u to the neighbour of the
leaf v in a k-leaf root of G − {u}. 
In view of Lemma 2 it sufﬁces to consider graphs without pairs of similar vertices, which considerably simpliﬁes
the statements of the following results.
Iteratively deleting vertices from a graph one at a time that are similar to other vertices clearly leads to an induced
subgraph without pairs of similar vertices which was called the “critical clique graph” by Lin et al. [4].
Theorem 2. A connected graph without pairs of similar vertices has a 3-leaf root if and only if it is a tree.
Proof. Let G= (V ,E) be a graph with a 3-leaf root T = (VT , ET ). If G contains a cycle xyzx of length 3, then two of
the vertices in {x, y, z} have distance 2 in T. Since these two vertices are clearly similar in G, we obtain a contradiction.
Therefore, by Lemma 1, G is a chordal graph without cycles of length 3. Hence G is a tree.
Since it is trivial to see that attaching a new leaf to every vertex of a given tree followed by an appropriate renaming
of the vertices leads to a 3-leaf root of the given tree, the proof is complete. 
Lemma 2, Theorem 2 and their constructive proofs are easily turned into an efﬁcient and extremely simple algorithm
that recognizes graphs having a 3-leaf root and constructs a 3-leaf root provided its existence.
We proceed to our main result.
Theorem 3. Let G = (VG,EG) be a graph without pairs of similar vertices.
Then G has a 4-leaf root if and only if it is chordal and does not contain any of the graphs in Fig. 2 as an induced
subgraph.
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Proof. Let G = {G1,G2, . . . ,G8}. Let G = (VG,EG) be a graph without pairs of similar vertices that has a 4-leaf
root T. By Lemma 1, G is chordal. Since G contains no pairs of similar vertices, no two leaves of T have distance 2.
If G contains the graph D in Fig. 3—a so-called diamond—as an induced subgraph, then u and x must be leaves of T
at distance at least 5 and v and w must be leaves of T at distance at most 4 from each other and from u and x. Since
no two leaves of T have distance 2, this implies that u and x are at distance exactly 5 in T and that T has the tree F in
Fig. 3 as a subtree such that {l′, l′′} = {v,w}. Note that this necessarily implies distT (v,w) = 3.
Assuming that G has a graph inG as an induced subgraph and applying the above observation to the various diamonds
contained in the graphs inG easily leads to contradictions. In order to illustrate the kind of contradiction that one obtains
we will give details for the graphs G1 and G4 and leave the very similar details for the remaining cases to the reader.
First, we assume that G contains G1 as an induced subgraph. Let u, v, and w denote the three vertices of degree 4 in
G1. Considering the three diamonds formed by these vertices together with one of the remaining vertices implies that
u, v, and w are three leaves of T at distance exactly three from each other which is impossible.
Next, we assume that G contains G4 as an induced subgraph. Let u and v denote the two vertices of degree 4
in G4 and let x1, x2, and x3 denote the remaining vertices. Considering the two diamonds induced by {u, v, x1, x2}
and {u, v, x1, x3} implies that distT (x2, x3)4. Since x2 and x3 are not adjacent in G4, this is a contradiction which
completes the proof of the ‘only-if’-part of the statement.
We proceed to the proof of the ‘if’-part of the statement. For contradiction, we assume thatG=(VG,EG) is a chordal
graph without pairs of similar vertices that does not contain a graph in G as an induced subgraph and has no 4-leaf
root. Furthermore, we assume that among all such graphs G is chosen such that it has minimum number of edges and
subject to this condition it has maximum number of leaves. Clearly, G is connected.
Claim 1. G has no clique C ⊆ VG with |C|2 such that |NG(v) ∩ C|1 for all v ∈ VG\C and |NG(c)|2 for all
c ∈ C.
Proof of Claim 1. For contradiction, we assume that such a clique C = {c1, c2, . . . , cr} exists. Since G is chordal,
there is a partition VG = C ∪ U1 ∪ · · · ∪ Ur such that for 1 ir the set Ui is the union of vertex sets of components
of G − C and NG(v) ∩ C ⊆ {ci} for all v ∈ Ui .
First, we assume that Ui = ∅ for 1 ir . The graphs G1 =G[U1 ∪ {c1, c2}] and Gi =G[Ui ∪ {ci, c1}] for 2 ir
have no pairs of similar vertices and fewer edges than G. Therefore, by the choice of G, the graph Gi has a 4-leaf root
Ti for 1 ir .
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Let the treeT arise from the disjoint union of the subtreesT ′1 ofT1 withLT ′1=LT1\{c2} andT ′i ofTi withLT ′i =LTi\{c1}
for 2 ir by adding a new vertex x and adding new edges between x and the unique neighbours of ci in Ti for 1 ir .
Clearly, distT (ci, cj )= 4 for 1 i < jr . Since no two leaves of T have distance 2, all paths in T containing x that are
of length at most 4 and join two leaves of T necessarily have both endpoints in C. This implies that T is a 4-leaf root of
G which is a contradiction.
If Ui = ∅ for some 1 ir , then r3 and a construction similar to that above leads to a contradiction which
completes the proof of the claim. 
Case 1: LG = ∅.
Let u ∈ LG and NG(u) = {v1}. If H = G − {u} has no pair of similar vertices, then a 4-leaf root F of H can easily
be extended to a 4-leaf root of G by attaching a path of length 3 ending in the new leaf u to the neighbour of the leaf
v1 in F.
Hence, we may assume that H has a pair of similar vertices. This implies that there is a unique vertex v2 ∈ VG such
that v1 and v2 are similar in H. Since G does not contain G4 or G5 as an induced subgraph, the set N =NG(v1)\{u, v2}
induces either a complete graph or the disjoint union of two complete graphs.
Case 1.1: N induces a complete graph.
Since the graph G − {v2} has no pair of similar vertices, it has a 4-leaf root F by the choice of G.
If there is a vertex w ∈ N such that distF (v1, w) = 4, then attaching a path of length 2 ending in the new leaf v2 to
the unique vertex at distance 2 from v1 and w in F yields a 4-leaf root of G.
Similarly, if distF (v1, w) = 3 for all vertices w ∈ N , then attaching a path of length 2 ending in the new leaf v2 to
the neighbour of the leaf v1 in F yields a 4-leaf root of G. These contradictions complete Case 1.1.
Case 1.2: N induces the disjoint union of two complete graphs with vertex sets N1 and N2.
Since G is chordal, the graph G − {u, v1, v2} has exactly two components with vertex sets U1 and U2 such that
N1 ⊆ U1 and N2 ⊆ U2.
First, we assume that |U1|, |U2|2. For i = 1, 2 let wi ∈ Ni and let Hi = G − (U3−i\{w3−i}). Since Hi has no
pair of similar vertices, the choice of G implies that Hi has a 4-leaf root Fi for i = 1, 2. It follows easily that we may
assume without loss of generality that for i = 1, 2 the tree Fi has the tree in Fig. 4 as a subtree. (Remember that v1 and
v2 are similar in H.)
Clearly, the trees F1 and F2 easily combine to a 4-leaf root of G which is a contradiction.
Hence we may assume that |U1|=1. Since G does not contain G8 as an induced subgraph, we have |NG(y)∩N2|1
for all y ∈ U2\N2.
If all components of G[U2] − N2 are isolated vertices, then it is easy to see that G has a 4-leaf root. Hence we may
assume that X is the vertex set of a component of G[U2]−N2 with |X|2 and NG(y)∩N2 ⊆ {x} for some x ∈ N2 and
all y ∈ X. Let Y =NG(x)∩X. Since G is chordal and does not contain G6 or G7 as an induced subgraph,Y is a clique
and |NG(z)∩Y |1 for all z ∈ X\Y . Now Claim 1 applied to {x}∪Y implies a contradiction which completes Case 1.2.
Case 2: LG = ∅. Let u ∈ VG be a simplicial vertex of G. Clearly, |NG(u)|2.
If G − {u} has a pair of similar vertices and |NG(u)|3, then G contains G5 as an induced subgraph. Hence if
G − {u} has a pair of similar vertices, then |NG(u)|2.
If |NG(x) ∩ NG(u)|1 for every vertex x ∈ VG\NG[u], then Claim 1 implies a contradiction. Hence there is a
vertex x ∈ VG\NG[u] with |NG(x) ∩ NG(u)|2. Let v,w ∈ NG(x) ∩ NG(u). Since v and w are not similar in G, we
can assume that NG(w)\NG(v) = ∅.
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Case 2.1: There is a vertex y ∈ (NG(w) ∩ NG(x))\NG(v).
Let the graph H arise from G−{u} by adding two new leaves u1 and u2 such that NH(u1)={v} and NH(u2)={w}.
Clearly, H is chordal and does not contain any graph inG as an induced subgraph. Furthermore, H has no pair of similar
vertices and has at most the same number of edges as G but more leaves than G. Hence, by the choice of G, the graph
H has a 4-leaf root F. In view of the diamond G[{v,w, x, y}], it follows easily that the tree F has either the tree F1 or
the tree F2 in Fig. 5 as a subtree.
If F has the tree F1 in Fig. 5 as a subtree, then let F ′ arise from F by deleting the edges ab, cd and adding the
edges ac, bd. If F ′ is not a 4-leaf root of H, there is a leaf z in F with either distF (w, z) = 4 and distF (y, z) = 3 or
distF (x, z) = 4 and distF (v, z) = 3. Hence in G the vertex z either is adjacent to w and y and non-adjacent to x and v
and thus also non-adjacent to u or is adjacent to v and x and non-adjacent to y and w and thus also non-adjacent to u.
In the ﬁrst case G contains G2 as an induced subgraph and in the second case G contains G1 as an induced subgraph
which is a contradiction. Hence F ′ is a 4-leaf root of H.
This implies that we may assume that F has the tree F2 in Fig. 5 as a subtree. Let T arise from the subtree F ′′ of F
with LF ′ ′ = LF \{u1, u2} by attaching a path of length 2 ending in the new leaf u to the neighbour of v in F. If T is not
a 4-leaf root of G, there is a leaf z in F with distF (w, z) = 4, distF (v, z) = 3, and u, x, y /∈NG(z). This implies that G
contains G4 as an induced subgraph which is a contradiction. Hence T is a 4-leaf root of G which is a contradiction.
This completes Case 2.1.
In view of Case 2.1, we may assume that all pairs of vertices x, y ∈ VG\NG[u] with |NG(x) ∩ NG(u)|2 and
|NG(x) ∩ NG(y) ∩ NG(u)|< |NG(x) ∩ NG(u)| are non-adjacent. Hence we may assume that v,w ∈ NG(u) and
x, y ∈ VG\NG[u] with xy /∈EG, v,w ∈ NG(x), v /∈NG(y) and w ∈ NG(y) are chosen such that either there is no
path in G from x to y that avoids the vertex w or the length of a shortest such path is as small as possible.
Case 2.2: There is a path in G from x to y that avoids the vertex w.
Let z be the neighbour of y on a shortest such path. Since G is chordal and by the choice of v, w, x, and y, we have
{u, v,w, y} ⊆ NG(z).
If xz ∈ EG, then G[{u,w, x, y, z}] is isomorphic to G4 which is a contradiction. Hence xz /∈EG. As we have noted
at the beginning of Case 2, |NG(u)| |{v,w, z}|=3 implies that the graph H =G−{u} has no pair of similar vertices.
By the choice of G, the graph H has a 4-leaf root F. In view of the two diamonds G[{x, v,w, z}] and G[{v,w, z, y}],
the tree F has the tree in Fig. 6 as a subtree.
It follows easily that attaching a path of length 2 ending in the new leaf u to the neighbour of w in F yields a 4-leaf
root of G. This contradiction completes Case 2.2.
Case 2.3: There is no path in G from x to y that avoids the vertex w.
Clearly, x and y lie in different components of G − {w}. Let U be the vertex set of the component of G − {w} that
contains y.
By the assumption of Case 2, we have |U |2. Let C = NG(w) ∩ U . Since G is chordal and does not contain G3
as an induced subgraph, C is a clique. Since G does not contain G6 as an induced subgraph, |NG(z) ∩ C|1 for all
z ∈ U\C and Claim 1 applied to {w} ∪ C implies a contradiction. This completes the proof. 
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The reader should note that each of the graphs G4–G8 in Fig. 2 has a 4-leaf root which necessarily has two leaves
at distance 2. The complete list of minimal forbidden induced subgraphs for a characterization of chordal graphs that
have a 4-leaf root but are allowed to contain pairs of similar vertices can easily be extracted from Theorem 3. It consists
of G1, G2, and G3 and some chordal graphs that arise from the graphs G4–G8 by adding new vertices that destroy the
pairs of similar vertices. In G4 for instance, the two vertices of degree 4 are similar and a forbidden induced subgraph
for chordal graphs that have a 4-leaf root is obtained from G4 by adding a new vertex that is adjacent to just one of the
two similar vertices. If the new vertex is adjacent to at least two of the three vertices of degree 2 in G4, there would
be an induced chordless cycle of length four. Hence G4 leads to exactly the two minimal forbidden induced subgraphs
shown in Fig. 7.
In order to obtain all minimal forbidden induced subgraphs one has to execute this simple process for all of G4–G8.
The reader should note that the three graphs in Fig. 1 arise by the same process from the cycle of length three which,
by Theorem 2, is the only minimal forbidden induced subgraph for chordal graphs without pairs of similar vertices that
have a 3-leaf root.
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